Final - Differential Equations (2018-19)
Time: 8 hours.  Attempt all questions.

. Solve for u(z,y) in the PDE u, + u, +u = e with u(z,0) = 0. [5 marks]
. Let u = u(z,y) be a harmonic function in the disk D = {r < 1} with u = cos@+1 for r = 1.

(a) Find the maximum value of u in D. [2 marks]
(b) Calculate the value of w at the origin. [3 marks]
. Solve the heat equation u; = kugy, for —l < z <[, t > 0, with periodic boundary conditions

[i.e. u(=l,t) =u(l,t) and u,(—1,t) = u,(l,t)], and initial profile u(x,0) = ¢(x), =l < x <.
Assume that ¢ is a C? (twice continuously differentiable) function. [5 marks]

. Consider the wave equation puy = Ty, on —oco < x < oo with initial profile ¢(x) and initial
velocity 1 (z). Assume that ¢ and ¢ vanish outside the interval {|z] < R}. Consider the

total energy
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Show that dF/dt = 0. (Assume that we can take derivatives inside the integral.) [5 marks]

. Let ¢(z) be any C? function defined on R? that vanishes outside some bounded domain D.

Show that
$(0) = — ///D |;61|A¢(x)j:: [6 marks]

. Consider the Sturm-Liouville equation
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on a closed interval [a,b], with p,r > 0 on [a,b] and p,q,r continuously differentiable. Let
the endpoint conditions cu(a) + a’v/(a) = 0, Bu(b) + f'v'(b) = 0 hold with a, o/, 3, all
being nonzero. Let uy and us be eigenfunctions corresponding to different eigenvalues A1 and
Aa.

(a) Let L = D[p(t)D] — q(t), where D is the derivative operator. Show that
d / /
uy Lug] — ug Lfug] = p {p(t)[ur(t)us(t) —uz(t)ui ()]}  [4 marks]

(b) Show that
b
/ r(t)ui (t)ug(t)dt = 0. [4 marks]

. Let ¢ : [0,00) = R be a continuous nondecreasing function with ¢(0) = 0 and ¢(z) > 0 for
x > 0. Assume further that fel dx/¢(x) = oo as e | 0.

(a) Let a > 0 and g : [0,a] — R4 be a nonnegative continuous function. Let

g(z) < /OI (b(g(t)) dt, for 0 <z < a.

i. Show that G(z) = maxo<;<, g(t) satisfies the same inequality as g. [4 marks]
ii. Let G(z) = [ ¢(G(t)) dt. Show that G'(z) < ¢(G(z)). [4 marks]
iii. Conclude that g(x) =0 on [0,a]. [4 marks]

(b) Let F : R — R be such that |F(z) — F(y)| < ¢(Jx — y|). Show uniqueness of solutions

to the differential equation 4% = F(u) with u(0) = up € R. [4 marks]



